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Abstract 
Motivated by wavelength division multiplexing in all-optical networks, we consider the prob- 
lem of finding a set of paths from a fixed source to a multiset of destinations, which can be 
colourcd by the fewest number of colours so that paths of the same colour do not share an arc. 
We prove that this minimum number of colours (wavelengths) is equal to the maximum number 
of paths that share one arc (the load), minimized over all sets of paths from the source to the 
destinations. We do this by modeling the problems as network flows in two different networks 
and relating the structure of their minimum cuts. The problem can be efficiently solved (paths 
found and coloured) using network flow techniques. 0 1998 Elsevier Science B.V. All rights 
reserved. 
1. Motivation and definitions 
Optics is emerging as a key technology in communication networks, promising very 
high speed local or wide area networks of the future. A single optical wavelength 
supports rates of gigabits per second, which in turn support multiple channels of voice, 
data and video [8, lo]. Multiple laser beams that are propagated over the same fiber on 
distinct optical wavelengths can increase this capacity even further. This is achieved 
through Waoelength Division Multiplexing (or WDM) [4], by partitioning the optical 
bandwidth into several channels and allowing the transmission of multiple data streams 
concurrently along the same optical fiber. 
All-optical (or single-hop [ 111) communication networks provide all source- 
destination pairs with end-to-end transparent channels that are identified through a 
wavelength and a physical path. Wavelengths being a limited resource, solutions to 
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the problem of efficient routing and wavelengths allocation are of importance for the 
future development of optical technology. 
The problem we consider here is motivated by switched networks with reconfigurable 
wavelength selective optical switches, without wavelength converters, where different 
signals may travel on the same communication link (but on different wavelengths) into 
a node, and then exit from it on different links, keeping their original wavelengths. See 
the recent survey [2] for an account of the theoretical problems and results obtained 
for this all-optical model. 
We use the standard terminology of digraphs and flow networks that can be found in 
any related textbook (see e.g. the survey [6]). A dipath (‘directed path’) in a digraph 
G=(V,A) is a sequence of nodes P=(vl,vz,..., vk), kB1, such that (Q,Q+~)EA for 
1 <i < k - 1. For any sets S and S’ in a digraph, we denote by m(S,S’) the number 
of arcs beginning in S and ending in S’. In a flow network, we denote by c(u,v) the 
capacity of the arc (u, u), and by c(S, ,?) the capacity of the cut (S, 5‘). 
We are now ready to formulate our problems. Let G be a digraph. A request in 
G is an ordered pair of nodes (x, y) (corresponding to a message to be sent from 
x to y). An instance I in G is a collection (multiset) of requests. (A request (x,y) 
may appear more than once.) A routing R of an instance I is a collection of dipaths 
R = {P(x,Y) I (x,Y) ~11, w h ere P(x, y) is a dipath from x to y. 
Let G be a digraph and I an instance in G. For each routing R of I, we denote by 
w( G, 1, R) the minimum number of wavelengths (‘colours’) that can be assigned to the 
dipaths in R, so that no two dipaths of the same wavelength share an arc. The WDM 
problem (G, I) asks for a routing R of I which minimizes w(G, I, R). We denote by 
w( G,Z) this minimum of w(G,1, R) over all routings R for I. 
Let again G be a digraph and I an instance. For each routing R of I, the load 
of an arc a E A in the routing R, denoted by x(G, I, R, CI), is the number of dipaths 
of R containing a. The load of a routing R, denoted by n(G, I, R), is the maximum of 
x(G,Z,R, a) over all arcs a E A. The congestion problem (G,I) asks for a routing R 
of Z which minimizes its load. We denote by n( G,I) this minimum of n(G,I, R) over 
all routings R for I. 
The relevance of the parameter n: to our problem is shown by the following lemma: 
Lemma 1. w(G,Z) Bn(G,I) for any instance I in any digraph G. 
Proof. Indeed, to solve a given WDM problem (G,Z) one has to use a number 
of wavelengths at least equal to the maximum number of dipaths having to share 
an arc. 0 
Determining w(G, I) and n(G,Z) in the general case is NP-complete and the in- 
equality in Lemma 1 can be strict. In this paper, we are interested in a special case 
of instances where the collection of requests has the form {(x, y) 1 y E Y} for a fixed 
node x E V, called the originator, and a multiset Y of nodes in V. Such an instance is 
called a multicast (or a one-to-many) instance. 
B. Beauquier et al. 1 Discrete Applied Mathematics 84 (1998) 15-20 17 
t 
Fig. 1. (a) A digraph G with originator x and where Y = {u, W, y,z}. (b) The network FP. 
(c) The network I$‘. All capacities not marked are equal to one. All arc orientations are omitted. 
The particular instance where Y is the set V is called a broadcast. In [3] 
Bermond et al. proved that w(G,Z) = z(G, Z) for worst case broadcast instances I, 
in any G which is maximally arc connected (the minimum degree equals the arc 
connectivity); these graphs include the wide class of vertex transitive digraphs. 
We prove here that for any digraph G and multicast instance I, there is equality in 
Lemma 1 and that both parameters w( G, I) and z( G, Z) can be computed in polynomial 
time. 
2. Multicasting and network flows 
In the case of multicasting, we can model both of the above problems (the WDM 
problem as well as the congestion problem) by network flows. Consider a digraph 
G = ( V, A) with a multicast instance I = {(x, y) 1 y E Y}, with originator x. In what 
follows we assume that Y is a set, i.e., that each node y appears at most once in Y. 
Indeed, if Y is a general multiset, we can transform the problem by adding to each 
destination y which appears in Y p(y) times, a set of ,u(y) - 1 vertices of degree one, 
adjacent to y, each (as well as y) having multiplicity one. 
We begin by modeling the congestion problem (G,Z) (cf. Figure 1 (b)). Let S, t 
be two new vertices that will play the roles of source and sink. For every posi- 
tive integer p, we define the network FP to have the vertex set VU {s, t}, the arc 
set ((~9)) UA UOJ,,, {(~~t>))~ and the capacities c(s,x) = 03, c(u,v) = p for all 
(u,v)EA, and c(y,t)= 1 for all YE Y. 
Proposition 2. x(G, Z) < p if and only if FP has a flow of value /Y 1. 
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Proof. From the definitions. 0 
For future reference we also consider the capacities of cuts in the network FP. 
Suppose S is a subset of Y and s = V\S. This gives rise to the cut (S U {s},sU {t}) 
in F’. The capacity of this cut is infinite when x E 3; otherwise it is jS n Y I+ p.m(S,S). 
According to the above proposition, x( G,I) is the smallest integer p such that FP 
admits a flow of value 1 YI. Combining this with the max-flow min-cut theorem of [5] 
we obtain: 
]SnY] +z(G,I).m(S,S)>]YI for any SC V. (1) 
Next we discuss the network flow model for the WDM problem (G,f) (cf. Fig. lc). 
Let 2 be a positive integer. For 1 <i < 1, let Gi = (l$,Ai) be a copy of G = (V,A), and let 
YO be a copy of Y. For each u E V, let Ui be the copy of v in 5, and for each y E Y, let 
ya the copy of y in Yo. Let s, t be two new vertices which will be the source and sink. 
We define the network F,’ to have the vertex set V = {s, t} U (Uf’, K) U Yo, the arc set 
d= Uf=, {(s,xi)) UCUf=, Ai)U CU,,y Uf=, {bi,Yo))> U <U,,y l.(yo9t)l), and except 
for the arcs (s,xi) (1 <i 6 A) of infinite capacity, all other arcs having capacity one. 
Proposition 3. w(G,Z) d ;1 if and only if 5 has a jlow of value IY 1. 
Proof. Suppose first that G admits dipaths from x to each y E Y, which can be coloured 
by integers from { 1,. . . , A} in such a way that no two dipaths sharing the same arc 
have the same color. Define the values f’(ai, vi) = 1, for each arc (u, u) EA which 
belongs to a dipath of color i (1 <i< A). These values can be extended in a natural 
way to a flow f’ of value 1 Y 1 in Fi. 
Conversely, assume that there exists a flow f’ of value I Y I in FL. By construction 
of Fi, this implies that there is for each node y E YO an incoming arc with flow one. 
Hence for each y E Ys there is exactly one i such that the node yi has an incoming 
arc with flow one in Gi. In that Gi there must be a dipath from xi to yi consisting 
of arcs all having Ilow one, and we can assign the corresponding dipath in G the 
color i. Thereby arc defined dipaths in G from x to each y E Y, which are coloured 
by I colours as required. q 
Theorem 4. Let G be a digraph and I a multicast instance in G. Then w(G,I) = 
a(G,Z), and an optimal solution to the WDM problem (G, I) can be found in poly- 
nomial time. 
Proof. In view of Lemma 1 and the above proposition, it will suffice to show that the 
network F,‘, with A = x(G,Z), has a flow of value ]Y I. We shall do this by showing 
that every cut has capacity at least I Y [, cf. [5]. 
Consider a cut (SU{s},L?U{t}) in F,‘, andletSi=Snl$andSi=SnI$,forl<i<& 
and let SO = S n YO and 30 = 3 n Yo. Clearly, we may assume that each xi E Si, 1 <i < 1, 
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otherwise the capacity of the cut will be infinite. Then the capacity is 
C(SU{s),SU{t))= C m(SitSi)+ Cm(Si.SQ)+ (SQ(. 
i>l i31 
For each y E I$, let S, = {vi / i> 1, yi ES}. If Yi denotes the copy of Yo in K, then 
xi,, (Sin z/= CyEro IS,(. Note also that cia, m(Si,So) = cyCyO m(Sy,so), and that 
m(Sy,,Z?a) is 0 if y E So, and is IS,/ if y E $0, so 
BY definition we have (&(,<A for every y E Y, and hence CyCsQ (s,/BE.(s~(, i.e., 
ISo/ 2 i c,,, IS,/. Summarizing, we obtain 
2 CC iSI m(S&) + flW Y;( 1 
Recall that we set 3, = n( G, I). By the inequality (I), we have JSi n x.1 +A .m(&, 3;) 2 
(YI for each i31, and thus c(SU{s},~U{t})2JYJ. 
Our proof implies, in an obvious way, a flow-based algorithm to compute w( G,J) 
(and solve the WDM problem (G, 1)) in polynomial time, for any multicast instance I in 
any digraph G. Of course, the same applies to n(G,I) and the congestion 
problem. CJ 
3. Conclusions 
We have considered here the general WDM problem (selection of paths and assign- 
ment of wavelengths in an arbitrary digraph) restricted to multicast instances. Using 
flow techniques we have shown how to efficiently solve the problem. 
Further work could concentrate on the WDM problem for All-to-A12 instances, an- 
other very useful communication pattern in multiprocessor systems, where all ordered 
pairs of nodes are to be optically connected. As far as this problem is concerned, 
efficient solutions are given for symmetric trees in [7] and for some Cartesian products 
in [l). If remains to settle the interesting open question whether or not Lemma 1 is 
satisfied with equahty for every All-to-All instance. (In that case the load corresponds 
to the arc_forwarding index [9].) 
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